
JGP - Vol. 5, n. 2, 1988

Construction ofconstantcurvature
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Abstract. A classofpuncturedconstantcurvatureRieinannsurfaces,with boundary
conditionssimilar to thoseof thePoincaréhalfplane,is constructed.Iris shownto
describethescatteringofparticle-likeobjectsin two Euclidia.ndimensions.Theas-
sociatedtimedelaysandclassicalphaseshiftsare introducedandconnectedto the
behaviourofthesurfacesattheirpunctures.For eachsuchsurface,weconjecturethat
thetimedelaysarepartial derivativesof thephaseshift. Thistypeofrelationship,al-
readyknownto becon-ectinotherscatteringproblems,leadstoa generalintegrability
condition concerningthebehaviourof themetricin theneighbourhoodofthepunc-
tures. Thetimedelaysareexplicitlycomputedfor threepunctures,andtheconjecture
is verified. Theresult,reexpressedasaproductofRiemannzeta-functions,exhibitsan
intringuingnumber-theoreticstructure:ap-adicproductformulaholdsandoneofRa-
manujan ‘S identitiesapplies.Anansatzisgivenfor thecorrespondingexactquantum
S-matrix. It is suchthat theintegrability conditionis replacedbya finite difference
relation onlyinvolvingtheexactspectrumalreadyderived,in theassociatedLiouville
field theory,by GervaisandNeveu.

INTRODUCTION

The developmentsof string theoriesandofconformally invariant field theoriesin two

dimensionsare interestboth for theoretical physicists andmathematics. In this connec-
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tion, our studyof therelatedLiouville field theoryled us to generalresults,concerning

a particularclassof two-dimensionalmanifoldswith constantcurvature,which webe-
lieveto besignificantby themselves.Wewere motivatedby theunderlyingdynamical
problemrelatedto stringand conformaltheories;and,so far, havedescribedour work

only from this viwpoint [I]. It seemsappropriateto displayit here again,in orderto
emphasizeits geometricalaspectwhichmay beof a wider interest.

The following generalstructurecameout of our study fI], andwill bedisplaid in

the forthcomingsections. Considera two-dimensionalmetrictensor Pot definedon

a Riemannsurface. It hasthree independentcomponents.By an appropriatechange
of parametrization(diffeomorphism),onecanfix two of them. Choosingorthonoimal
coordinates,themetricbecomeslocally:

(1.1) p = e~

(1.2) ~ (~J).

Ouraim is to determinea particularfamily of metricswith constantintrinsiccurvature.
In the conformalcoordinates(1.1),this given:

(1.3) 4 ~ ‘~‘ =conste#
8z8zs

Liouville introducedand solvedthis equationlong ago.This is why the corresponding

dynamicsis calledtheLiouville field theoryin theoreticalphysics.Onemayabsorbthe

aboveconstantby a shift of ~ asweshalldofrom now on. Thegeneralsolutionof eq.
(1.3) is rederived,in section2, in away that is suitableforourpurpose.

We shallbe interestedin Riemannsurfaceswith boundariesthatare piecewisedif-

ferentiable. ‘Within eachdifferentiablearc segment,the boundaryconditionis that the

normalderivativesatisfies[2,3]:

(1.4) = —V’ie~’2+ 2k
1

k1 isthecurvatureof theboundaryin the Kparameterspace~(with metric ~). Weshall
only considerthecasewhereby a conformalmappingwemaychoosez to vary in the

uppercomplexhalf-plane.Thusthe boundarywill bemadeup with piecesof thereal
axisand k1 = 0. Sincethegeodesiccurvaturek9 is relatedto k1 by

(1.5) k1 = e~’
2k

9+ ~-80çt
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the boundarycondition(1.4) simply states[4] that thegeodesiccurvatureis aconstant
oneachboundary

(1.6) k9=_l/~/i.

SolvingtheLiouville equation(1.3)with theboundaryconditions(1.4)is thusequiva-
lentto findingaconstant-curvaturemetricon theRiemannsurfacesuchthat thegeodesic

curvatureon eachboundaryis a constant.Remarkably,theseequationscameOut from
Polyakov’sstudyofthestringfunctionalintegral [5]andfromtheanalysisof theassoci-
atedstring-dynamicalboundaryeffects[2]. Thismotivateddetailedstudiesof Gervais

andNeveu [3, 6] andof ourselves[1, 7] someof which arethe subjectsof thepresent
article. On eachcontinuousarc segmentof theboundary,themetric is singularat the

boundaryin sucha way that, in its neighbourhood,the surfacebecomesisomorphicto
thePoincardhalf-plane.Theboundarycondition(1.4) issuchthatthemetricmaybecon-
tinuedthroughtheboundaryby inversionswith respectto thecontinuousarcsegments.
Thisprocedure,which is similar to themethodof images,allows to extendthemetric
to a Riemannsurfacewith punctureslocatedwherethe original boundaryis singular.

Detailsaregivenin section2.
Thebehaviourof themetric atthepuncturesis specifiedas follows: Fromequation

(1.3),oneeasilyderives:

(1 7) _~_ (~çS/2 8
2e~’2‘\ = ~ (e#i’2 02e~/2’\=

8z ~, ôz*2 ,1 äz* \~ 0z2 )

Wemaythusdefinetoholomorphicfunctions U( z) and V(z) by:

82 —#/2 82 —#/2(1.8) e#~’2 e U(z); e~2 e V(z*).
8z2 8z*2

We shalloshow, in sect. 2, that theboundaryconditions(1.4) are suchthat V is
deducedfrom U by inversionthroughtheboundariesandthat U is therebycontinued
asa meromorphicfunctionwith singualaritiesonly atthepunctures.

Thesefeatureshavean importantdynamicalmeaningin the underlyingconformal
field theory. A Riemannsurfacewith P > 2 puncturesdescribesthe interactionsof P

elementaryexcitations,calledparticlesfor short.ARiemannsurfacewith two punctures
decribesa freepropagatingparticle. It isequivalentto the tube —oo < ~ .< +oo, 0 <

it playsthe roleof thetime. Theboundaryis madeup with the two lines ij = 0
and ,~= it. The problembeinginvariantby time translation,thesolution hasa free

parameterthat specifiestheoriginof thetime axis. It is rederivedin section3, following
[1] and[3], in thecasewhereit hasdoublepolesatthepunctures.For P > 2, wehave

developedthe scatteringtheoryand introducedthe correspondingphysical quantities
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(see sect. 4). The basicideais asfollows. In a smallneighbourhoodof one of the
punctures,thedetailedlocationoftheothersbecomesunimportantand,toleadingorder,
the metric takesthe sameform as if P wereequalto 2. This smallneighbourhood
maybe describedby local ~ and 17 coordinatessuchthat the punctureis reachedfor

~ going to infinity. In physical tenns,this meansthat asymptotically,that is for large
~, theparticlesdo not interact. Suchis thebasicrequirementof thescatteringtheory.
We shall moreovershow that the first correctionto thebehaviorat ~ = 00 is that the

local-timetranslationinvarianceof the asymptoticlocal tube is broken. Its local-time
herebyaquiresa fixed origin whoselocation describesthe leadingeffectof the other

punctures.Thiscorrespondsto the standardphysical timedelayof classicalscattering
theory.Thereis onesuchtimedelay i\~ for eachpuncture.

Wehaveexplicitely computedthesetimedelaysin thecaseof threepunctureswhen
U hasdoublepoleswith residuesspecifiedby parameters)~.Ourmainexplicit result,
rederivedin sect.5 below,is theformula:

F~(A1,A2,~3)EeXj~~=

(1.9) = ((1 —)¼~)((—)~) fT ~ (~+ k~A”~I

((I + ~ -~--~ ‘~ k~2 L_~ 2 )
~i ,~2,(3—± k=1

where( isthestandardRiemannzeta-function.Thisformulahasaninterestingnumber-

theoreticstructure. First, it is well known that thezeta-functioncanbewritten as the
followingproductoverall prime numbers

(1.10) ((a) = ii: 1 _

1p_8

p=prlme

Thisshowsthatour function F’~canalsobe written as aproductoverall primes,which

indicatesthat it has anunderlying p-adic structure.Moreover,eq. (1.10) canbe used
[8] in orderto derivethefollowing equalitydueto Ramanujan[9, 10]

((s)((s—a)((s—b)((s—cz—b)
(1.11) = n a~(n)cr~,(n)((2s—a—a) n~=1

where

(1A2) °-~(~)=
din

denotesthe sumof the cth powersof the divisorsof n (including 1 and n) - This
particularcombinationof zeta-functionsis preciselythe onepresentin our expression
(1.9) for F~.Taking F

1 as an example,wemaketheidentifications

(1.13) s(e) = ~(l+cA1+~2+~3), a~2, b=~3
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andobtain

/
(1.14) F

1~1,A2,A3) = I~I(~~
C± ~N) n=1

Whatis thestructureof themetricnearthepuncture?The 17-dependenceofthetwo-

puncturesolutionfordoublepolesis throughtrigonometricfunctionsof Are, where A
characterizestheresiduesat thedoublepole. (see(3.9) below). After onehascontinued
throughtheboundariestheparametervary onthetube —co < ~ < oo,0 <77 < 2 ii.

Forgeneric A thetwo-puncturesolutionisthusmultivaluedwith an infinite numberof

sheets.After mappingontothe spherewith two punctures,oneseesthat themetrichas
a limit at thepuncturewhich dependsupon the directionin a multivaluedway. By the
abovescatteringargumentit follows that thebehaviorateachpunctureis similarfor the
P-puncturesolution asfor thecaseP = 2, so that thesurfacewith constantcurvature

is multisheetedat eachpuncture.
Physically,one regardsthe Liouville equationas decribinga two-dimensionalcon-

tinuoussystem.Equation(1.3) follows fromtheprincipleof leastactionif weintroduce:

(1.15) S= 1 fdzdz*(2~~~-+e#)
l6irh az t9z

In classicaldynamics,thefactorin front of theactionis irrelevant,andthespectrum
is continuous.For our surfaces,this meansthat theparametersof thepole structures

of U takecontinuousvalues,leadingto aninfinite numberof sheetsat thepunctures.
Quantummechanically,the coefficentin front of the actiondefinesthePlanckconstant
1~of thesystem,in termof which thelevelsare quantized.In conformalquantumfield
theories,of which theLouville theory is an example,a central role is plaid by the so-
calledrationaltheories.With thepresentboundaryconditionstheycorrespondto [6]:

(1.16) li= (N+l)
2

The spectrumof statesbecomesquantized[3, 6]. In particular,theparametersA
5 of

thedoublepolesonly takediscretevalues,thatis, [61:

rn . N-i
(1.17) A, = 2 ~ N, m~,integers; m~!� 2

The geometricalmeaningof this quantizationisthat thecorrespondingsurfacesnow

wehaveafinite numberof sheetsexactlyequalto N.

Anothergeneralresult concernsanintegrability conditionwhich is satisfiedby the
time delays Lx.,. It is a well-known fact of classicaldynamicsthat thetime delaysare
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derivativesof theclassicalphaseshift with respectto the energy. In our case,and for
doublepoles,the energyassociatedwith the asymptoticmetric at the ith punctureis a

linearfunctionof A~.The timedelays,being partialderivativesof the sameclassical
phaseshift, mustsatisfythe integrabilitycondition:

I 5A1 — 1 8i~.,(1.18)

From the physicalargumentjust recalled,we were led to postulatethat this condition
mustbe true for any numberof punctures.We have indeedchecked,on our explicit

formula, thatit is satisfiedfor P = 3. This typeof relationwhichholdsfor thepresent

classof surfaceswithconstantcurvatureisnewto ourknowledge.Moredetailsaregiven
in section6.

Finally anexplicit formulais given,in section7, for theexact S-matrixthat thede-

scribesthequantuminteractionwhoseclassicallimit correspondsto the time delaysof
formula (1.14). It is an ansatzwhich is suchthat the integrability condition(1.18) is
replacedby a finite differenceequationinvolving the valuesof A1 thatappearin the

quantumspectrum(1.17). Thefactthat is possibletogetherwith thesimilaritiesof our
formulaewith theknownexactS-matrixfor thesine-Gordontheory,makeit very likely
thatourformulaisindeedexact. It enjoysnumbertheoreticpropertiessimilar totheclas-
sical formula(1.14).Altogether,it displaysaninterestingconnectionbetweenquantum

mechanics,geometry,andnumbertheory.

2. THE FRAME FOR THE GENERAL SOLUTION

Sinceweconsiderthecaseof Riemannsurfaceswhichmaybemappedontotheupper
halfplane,wetake z in thisdomain,tobeginwith. Lateron,wewill extendthedomain

of z to acompleteRiemannsurfaceof certain functions.Let us first derivethegeneral
solutionoftheLiouville equation(1.3):

(2.1) ~ =e#.

PROPOSiTION.Thesolutionof theLiouville equationis of thefon’n

(2.2) e~”
2= 2i~/~(1,bl(z)X

2(z*) — 1,b2(z)Xi(z*)

where ~ ,~(z)and Xi,2 (z*) are two independentsolutionsof theassociatedlinear

differential(Schrödinger)equation

(2.3) (_~+ U(z)) ~I,2(Z) (—~2 + V(z8)) X1,2(Z*) =0

with Wronskiansequalto one. ThefunctionsU( z) and V( z
8), calledpotentialsare

definedby(1.8).
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Proof Equation(1.8) may be written as:

+ U(z)) e~”
2= (—~-+ V(z*)) e~”2= 0

Given thetwo solutionsof thefirst equation(2.3), wemay integratethe first partial
differentialequation,obtaining:

e~”2= ~ ~(z)C
5

5=1,2

wherethe integrationconstantsC, only dependof f. Using the secondpartial dif-

ferential equation,we seethat the C, ‘s are linearcombinationof the x ‘s, sincethey
satisfythesamedifferentialequation.This linearcombinationmayalwaysbechosenso

that (2.2) holds. Moreoveroneverifiesthat (2.2) satisfies(2.1) if theWronskiansof the
functions ~ , ~ and x1, x2 is equalto one.Q.E.D.

It is convenientto introducea two-componentnotation

(2.4) = (~‘); x = (~)

and rewrite thesolution(2.2) as

___ 2’ 70 1
(2.5) e~

12= 2i~./~~’(z) (x(z*), ~= ~

A basicpropertyoftheLiouville theoryisitsconformalinvariance.It comesfrom the
factthatthechoiceof conformalcoordinates(1.1,2)ispreservedif weperformanalytic

transformationson z. From this viewpoint, the lastformula expressesthe decompo-
sition of themetric into a sumof productsof homomorphicand antiholomorphichalf

differentials.
Considernow theboundarycondition. Sincewehavechosento take z= x + iy in

the uppercomplexhalf plane,the boundaryis therealaxis, and hence (k
1 = 0). Eq.

(1.4) reads

(2.6) ane~’
2 8~e~’2= at!,, 0

This may seemcomplicated,but formula(2.2) allows to implementthis boundarycon-

dition directlyonthe function ~ and x, as wenextshow. Obviously,theargumentz’~

of x and V variesoverthelowerhalfplaneand we aregoingto extendthephysical
upperplaneto whatwe call thephysicalsheet,which is thedomainwhere z or z8 lie
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in therangeof the integral (1.15)thatdefinesthe action. Thislatterregionhascutson

therealaxis. Indeed,we aredealingwith the Riemannsurfaceof ~, and x aswewill
discusslateron in moredetail. In implementingcondition(2.6),onemusttakeaccount
of thecuts.When y tendsto zero, f will not, in generaltend to z, sincethelimit is

on adifferentsheetof the Riemannsurface.
The generalsituationwill be that thereare P — I cuts. The branchpointslocated

at z5,5 = 1, ... , P. will give thepuncturesof the surfacedescribedby the constant

curvaturemetric, which we discussedin the introduction. We takethem to be located
ontherealaxisand the indicesarechosensuchthat z5 <z3.~~. Thephysicalsheetwill

be definedin sucha way that the upperand lower half planesareconnectedthrough
a specificportionof therealaxiswherethereareno cuts. By convention,wetakethis
segmentto be between z1 and z2. It isconvenient,in general,tolabelby j thesegment

of the realaxis that lies betweenz, and z5~4~1,and to denoteby ~,• thecorresponding
limit of zC asIm z —~0. With these conventions equation (2.6) leads to

(2.7) ~
T”(x)(x(±,,) — 1J)T(x)(x/(~.)= 2; ~ = urnz~on segmentj

Sincethereis no cut alongthe segmentI, we have ~ = z, andtheboundarycondition
on this segmentplaysa specialrolewhichwenow discuss.

PROPOSmON.Thepotential V introducedin eq. (2.3) is theanalyticcontinuationto
thelowercomplexhalfplaneofthepotentialU.

Proof Taking thederivativeof eq. (2.7) (on thesegment1) with respectto x = ~ and

makinguseof theSchodingerequation(2.3) weobtain

(U(z) — V(x)) (‘~T(x)(x(z))= 0

for xE (z
1,z2)-U(x) and V(z) arethusequalonasegmentoftherealaxisandthe

propositionfollows from standardcomplexanalysis.Q.E.D.

V is theanalytic continuationof U to thelowerhalfplanethroughtheparticular

segmentconsidered.Fromnow on,wedo not makeuseof thefunction V any longer.

Instead, U is consideredas an analytic function definedon the physicalsheetintro-
ducedabove.From standardargumentsaboutdifferentialequations,it next follows that

the ~ ‘s andthe x ‘s are analytic in thesameregion as U. Wemaythereforecontinue
analytically thedifferential equationfor x in (2.3), to the upperhalf planeandthus
substitutez for z” there.Thisleadsto

PROPOSiTION.¶b,2 (z) and Xi ,2 ( z) satisfythesamesecondorderdifferentialequa-

tion

(2.8) (—~+ U(z)) ~1,2(Z) = (—~2 + U(z)) X1,2(Z) = 0
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andhenceair relatedbya (constant)lineartransformation

(2.9) (Xi) = T(~); T
1 (ai ~I)

X2 ‘11 6~

The index1 indicatesthat this conditionis relevantto the numberI of the real axis

where there are no cuts.
The solution (2.3) takes the form

(2.10) e~12= 2i~/~~
T(z)(T

1 ~(z*)

Halfof thedegreesof freedomhavebeeneliminatedby theboundarycondition. It isby

now quite clear why the left member of (2.7) is a constant on the segment of the real axis
considered:It is proportional to the Wronskianof the common Schrödinger equation
(2.8). Substituting(2.9) into (2.7), weobtaindthecondition:

(2.11) Tr(T1) a1 + = 2

Thisterminatesthediscussionof theboundaryconditionon thesegmentnumber1 where
there areno cuts.Next wederivethe

PROPOSITION.For anysegmentj of thereal axis,theboundaryconditiongives:

(2.12) ~ ~/);aj8i_$i~Yj=1

and

(2.13)

Proof For 5 = 1, this wasalreadyproven. For 5 ~1 I , ~ differs from ~r.The left-

handside of (2.7) can be a constant only if there exists, nevertheless, a linear relation
between x(~,)and ~(x), so that the Wronskian appears again in (2.7). The T ‘s are

unimodularsinceboth x ‘s and ~ ‘s haveunit Wronskian.Equation(2.13) follows by
substituting (2.12) into (2.7). Q.E.D.

Letus now cometo ourmain resultof this section:

THEOREM. Theboundaryconditionscanbefulfilled onlyif thepotenti aJismeromorphic

in thewholecomplexz plane.
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Proof Combining(2.9) with (2.12) for 5 = I, one immediately gets:

(2.14) ~(x)=M5~(~5); M=Tf’T1

By analytic continuation, it follows thatthe two solutions~ and ~2 of theSchrOdinger

equation (2.8) are transformed into linear combinations of themselves when one per-
forms a rotation of 2 ir aroundanybranchpoint z1. Consequently,as is well known
fromthetheoryoflineardifferentialequations[11],the potential U (whichis theSchw-

arzianderivativeof ~2 /~)hasonly polesatthepuncturesz5. Q.E.D.

The differentphysicalsectorsof the theorywill be specifiedby choosingthe pole
structureof U. As alreadymentionedin the introduction,a potentialwith P polesis

to beconsideredas describinga scatteringprocessinvolving P particles. In this dis-

cussion,the basicobject, to start with, is thepotential U. As shown in ref. [3] the
Schrodingerequation(2.8) is onememberof theLax pairassociatedwith theLiouville

dynamics.Startingfrom U and constructingtheclassicalsolutionby solvingthis equa-
tion is thusnaturalin thespirit of theinversescatteringmethod.

Asa generalcommentwemaystressthat thepresentdiscussionissimilar in spirit to
standardstringtheories. On the onehand,theboundaryconditionplays the samerole

astheopenstringboundarycondition:First, it is suchthat theleft — andright — moving
modes— that is theholomorphic and antiholomorphichalf differentialsof (2.5) — are
correlated.Second,it leadsto anaturalextensionof thesolutionby reflectionsaboutthe

boundaries.Ontheotherhand,thegeneralrelationshipbetweenP-particleprocessesand
Riemannsurfaceswith P punctureswas originally introducedin stringtheorieswhere
it plays a key role. The variables z, that arethe locationsof thepolesof U are the

analoguesof theKoba-Nielsenvariablesof the stringscatteringamplitudes.
Finally,theboundaryconditionsweareusingaresuchthat,nearthedifferentiablearc

segmentsof theboudary,themetricdivergesastheoneof Poincaréhalfplane.This latter

metric doesin factappearas alimiting caseof thetwo-puncturemetricto bediscussed
next.

3. TWO BRANCH POINTS - THE ONE-HIGHEST-WEIGHT SOLUTION

Thesimplestnon-trivial caseis a Riemannsurfacewith onebranchcut. The associ-

atedsolutionswithdoublepoleswereworkedoutin ref. [3]. We shallrederivethemhere
againsincethey are essentialfor thefollowing. Thetwo branchpointscanbe takento
lie at z = 0 and z = , thecutbeinglocatedalongthenegativerealaxis. TheRiemann

surfaceof thesolutions ~, i = 1,2, of theSchrödingerequation(2.8) hasa branchcut
from z1 = 0 to = oo iff z1 and z2 are singularpointsof this differential equa-
tion (2.8). Thetwo singularitiesareof the sametype (i.e. they are doublepoles)if the
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potential U is of the form

(3.1) U(z) = ~ ~ 2
4 z

)~is aparameter,whosephysicalmeaningwill bediscussedbelow. It isclearthat two

independent solutions of the differential equations (2.8) with this potential are

(3.2) = ~ z~~’2 1/’2 = Z~1~’2

Considernext theboundaryconditionon thenegativerealaxis. With an obvious
notation we have

= Z e2h1$

The index2 characterizesthefactthatthis equationholdsfornegativevaluesof x (i.e.

onthesegment2). Themonodromymatrix isgivenby

(3~3) ~(x) = M~
2); M= — (e1~ e~)

andtheboundaryconditions(2.13)yield the followingrelationsfor theelementsof the
matrix T

(3.4) a1 + = —(a1e”~+ ~1e
1’~)= 2

ThisandtheunimodularityconditiondetermineT almostcompletely:

eh1~/2 . .

(3.5) a
1 =

1sin(ir~/2)’ ~‘ = 1sin(irA/2)

= —ie cotan(-~--); ‘Yi = ;e cotan(-~--)

There remains one undetermined constant i~.The classicalsolutionis obtainedby sub-

stituing theresultof thepresentcomputationin equation(2.10):

e~’2 = —~~=~‘~?I(cotan(v.) ((zz~e_2~)~”2+ (zz*e_2~)_~12)

(3.6)

+ sin(~/2) ((et~)A12 + (e_i~)_~2))
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Thiscompletesthedeterminationof thesolutionwith two puncturesandhenceof aone-

parameterfamily of constantcurvaturemetricson a Riemannsurfacewith onebranch
cut. The physical picture is seen by going to the cylinder through the mapping a =

exp(~ + irj). —00 < ~ < oo, 0 < ~ < 2ir. The upperhalf planeis mappedonto

the strip 0 < r~< it. ~, ~ are Euclidean coordinates and one may go to Minkovsky

spaceby letting ~ —~ i’r. Thelattervariableis thephysicaltime. Thesolutions(3.6) are
periodicfunctionsof r and,hence,describestationarystates.In theparticlelanguage,
they arethusisolatedsingle states.

Concerningtheviewpointof conformallyinvariantfield theory,let usremarkthat,as

shownin ref. [3], the potential U is relatedto theenergy-momentumtensorin sucha
waythattheclassical\‘irasoro generator read

(3.7) ~ f _Z.z~1U(z)
2hj 2iri

and, in view of (3.1), theclassicalsolution is suchthat

(3.8) L0 = ~(l )~2); L~=0; n~0

When the Liouville theory is quantized, the L’s become operatorsthat satisfy the

VirasoroalgebraV’ir. A highest-weightrepresentationof Vir. is suchthat thereexistsa
state that satisfies:

LoIc >= dc>; L~~e>= 0; n> 0

e isthehighestweight. GervaisandNeveuhaveshownthat (3.8) istheclassicalequiv-

alentof the lastequation,and that the solutions (3.6) does lead upon quantization to
highest-weight states. Hence they are called highest-weight or ground-state solutions.

The parameter )~ determines the value of L0. Classicallyit may take all valuessuch

that the value of L0 is positive, that is —1 < )~< I. In this interval the solution is
regulareverywherewhentransformedby z = exp( ~ + ii~) to the strip 0 <i~ < it:

e~’
2 =—~_ (cotan(~)cosh~(~—A))+

(3.9) V

~cos(~(~— it/2))

sin( irX/2)

It has become clear, by now, that the parameteri~ correspondsto the possibility of

performing an arbitrary translation in the euclidean time ~. Moreover,sincethedepen-
dancein i~is throughtrigonometric functions of ~ the solution is multivalued when
extentedtothefullcylinder0 <ij < 2ir. Thusthetwopointsz = 0 and z = CX) are



CONSTRUCTIONOF CONSTANTCURVATURE 289

punctureson the resultingsurfacewith constantcurvature.This terminatesthe present

discussionof theclassicalgroundstates.
As a generalremark,let us say that, for )~ = ±1, formula (3.9) reduces to

(3.10) e~’2 = sin(ij)

up to the jacobian of the mapping of the upperhalfplane, this exactly coincides withthe
metric of the Poincard half plane. It is a limiting case of our class of metrics, however,

sincefor )~= ±1, the residueof thedoublepole is equalto zero. In the language of
conformal field theory, the corresponding highest weight state with weight zero is the
SL (2c)-invari antvacuum.

Beforeturningtothecaseof severalparticles,werecall,following [3], thatthereis an
infinite tower of harmonic excitations on top of the ground(highest-weight)states,that
are different one-particle states. At the quantum level they correspond to the other states

of the representations of Vir., besides the above highest-weight ones. The potentials are
such that the Virasoro generators (3.8) have more than just a double pole. Consider, for
instance,thecaseoftwo non-vanishingFouriermodes (L

0 ,L~)

(3.11) U~(z)= 1 1 + _~-_~ _~__

Onecasehigherpolesthanbefore.The associatedsolutions exp(—çb/2) give another
classof constant-curvature metrics on the sphere with two puncturesthat describe the
propagationof thecorrespondingstates.

4. P PUNCTURES- THE CLASSICAL SCATTERING THEORY OF P HIGH-
EST-WEIGHT STATES

In thegeneralcase,theRiemannsurface has P branchpoints. Choosingthenature

of the singualarities of U determines the quantum number of the particleswhich are
scattered. This is seen by mapping a small neighborhood of each singular point on the
cylinder that describes tha asymptotic free-particle states which we just discussed. In

doing so, one must keep in mind that the potential U transforms in a non-trivial way
underconformaltransformation[3]:

(4.Ia) U(z) (d)
2 U(w(z)) — ~-V

2(w); for a =~w(z)

where 7.) istheSchwarzianderivatives:

3 —1 2 2 —2
(4.lb) v (w) = ~ (~-~— ~- (~—~--~(~dz

3 \dzJ 2 \dz2) \dz
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_________________ (1) (2) (j) •X ______

__________ I -= I I ==—i---
22 ‘J ~j+l
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Fig. 1. The locationsof the P — 1 cutsandof the P branch points onthe real axis.

By this,doublepolesof U are turned into zero Fourier-coefficients in the corresponding
local tubes. Thus is we want to describe scattering of thehighest-weightstatesdiscussed

above, we should choose a potential U with double poles at any of the a5, I , ... , P.
In order to make contact with the solution of the previous sectionasymptotically,we

specify the double pole so that, when a approaches any of the singular points a one

has:

1 1—Az
(4.2) U(z) ‘j’.’ —— 2

4 (z — a5)

(If therearesingularitiesat a = 00 , theasymptoticbehaviorshouldbe such it takes the
last form after one has mapped the infinity to a point at finite distanceby, say, a —~I/a,

taking (4.1) into account). Equation (4.2) ensures that, when a approachesany of the

singular points, the potential U takesthesameform as for the one-highest-weight state.
The generalfeaturesof the solutions ~ 1,2 follow from the standardmonodromy

theoryofdifferentialequationswith meromorphiccoefficients[1]. Aroundeachsingular
point, thedominant term is the same as for the one-particle case. Hence, for each 5 there
existstwo solutionsof theSchrödingerequationsuchthat

(.1) —1/2 ‘(1±).)

(4.3) ~ (a) ‘~ c~)~1 ar ‘ as a —~a5
wherethe areappropriateconstants.Clearlythesesolutionshaveno cut betweena5

and ~ ~. They correspond to an analytic continuation to the sheet obtained by going
throughthis interval. With this choiceof basisinthespaceof solutions,themonodromy
matrix is diagonalaroundthebranchpoint z,. This sheetis notthephysicalone,how-
ever,exceptfor 5 = 1 , (seefig. I) andonedeterminesthemonodromymatricesM of
equation(2.14)by performingthe analyticcontinuationthatbringsusbackto it.
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The classical scattering theory is straighiorwardly developed, once the classical so-

lution hasbeendeterminedin sucha way thatit satisfiesall boundaryconditions. When
a tends to a3, we may let

(4.4) a “.~ a5 + etff*hhi; ~ —‘ —00

The parameter ~ plays the role of the eucli deantime, andthis limit is theusuallarge-
time limit of scatteringtheory. From (4.2) and(4.3), it next follows that the classical
solution wifi tend to the one-ground-state classicalsolution(3.9), with A = AC,, and
with aparameter~ that is completelydetermined.Thisparameteris theso-calledtime

delayof classicalscatteringtheory. The novelpoint here,as comparedwith potential
theory,is thatweshall have P time delays,onefor eachsingularpoint.

Letusremarkthat thephysicsisindependentof thechoiceof whatwecall thephysical
sheet.Startingfrom a differentsheetwouldjustbeequivalenttoperforminganoverall
Mdbius transformationthat is irrelevant. In particular,all the branchpointsareon the

samefootingand the resultis invariantundercircularpermutationsof them.

5. THE CLASSICAL SOLUTION FOR THE SCATTERING OF THREEHIGH-
EST-WEIGHT STATES

In the caseof three puncture, wemay useprojective transformationsto locatethem
at:

(5.1) z1=0;z2=l;z3=oo

The suitablepotentialis givenby:

i ~2 i ~2 1 ~2 ~2 ~2
(52) 1A1 ~“2 1A1~2+A3— — 4z

2 — 4(1 —a)2 — 4z(1 —a)

Thisis theonlypossiblechoicethat leadsto doublepolesat0, 1 and co, asoneeasily
verifiesmakinguseof(4.l).

The solution of the scatteringprobleminvolving threeasymptoticstatesis given by
the solution of the Schrodingerequation(2.8) with thepotential(5.2). It hasthreepoles
of secondorder, andthe solutions of the Schrödingerequationwith this potential are
well known [12]. They arerelatedto standardhypergeometricfunctions [12]:

PRoPosmoN.The followingthreepairs offunctionsareindependentsolutionsofequa-
tion(2.8)thathayediagonalmonodromymatrices,whenz circlesarounda = 0, a = 1,
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and a = 00 respectively:

=

~4’>(a) = A~112~(—A
1,A2,A3a)

~4
2~(z)=iA~”2~(A

2,A1,A3l—a);

(5.3) ~4
2~(a)= iA~112~(—A

2,A1,A3l—a)

~4
3)(z) =

~43~(a)= iA~l/2~(_A
3,A2,Ai;I)

wherethe ~ are relatedto thehypergeometricfunctionsF( a,b, c, a) by:

= a’~~ (I —a)~’~
(5.4) 1 1

F(~-(1+ A — ~i + p), ~-(1 + A— — p), 1 + )~z)

Proof Thisastandardresultdiscussed,for instancein ref. [12]. ~ ~i4~, ~ corre-

spondto thethreepairs (u5,u1),(u6,u2),(u3, u~) of Kummer solutions. Themon-
odromy property trivially follows from the analyticityof F( a, b, c; z) at z = 0. Q.E.D.

.

Ourconventionsaresuchthat the upperindex i of ~i4’~characterizes the pair of
independantsolutionschosen,while the lower index m distinguishesthetwo solutions

of agivenpair. Theprefactors)~1/2 areintroducedin order that the Wronkianbeequal
toone.

PRoPosmoN.Thereexistunimodular2 x 2 matricesS~ suchthat

(5.5) ~ = > S~~~’~(z)

In this identityandin thefollowing nosummationoverrepeatedindicesisto becarried

outunlessexplicitelyindicated.

Proof The different ~t) are pairsof solutions of the same differential equation, and
hencerelatedby lineartransformations.The matrix elementsg~)canbereadoff in
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ref. [12] from therelationsbetweenKummersolutions.Theyareexpressedin termsof
ratiosofproductsof F-functions andphase‘factors. The explicit forms are given in ref.

[1]. Q.E.D.

Fromnowon, the relevantquantitiesare given an upperindex indicatingwith which
pairof solution (5.3) they aredefined.

PRoPosmoN.Thesolution (2.10)maybewrittenin thethreeequivalentforms:

(5.6) e~2= 2i~ (~1)(z))T~X(1)(a*)

wherej and 1,2 or3and

(5.7) x~(z)= ~ ~

Proof This follows from explicit form of the ( matrix andfrom the factthat thedeter-

minantsof thematricesM are equalto one.Q.E.D.

PROPOSmON.Let MJc’~ bethemonodromymatrix thatdescribesthebehaviourofthe

solutions~ ‘~ when a goesoncearoundthe branchpointa~~ counterclockwise

(5.8) ~ _÷>(Mr~)mni,b~’)(z)

It isgivenby:

(5.9) .M~~(a)= g(~i)

where ~ is thediagonalmatrix:

(5 10) M~°= — (exp(iirA
2) 0

\~ 0 exp(—iirA1)

Proof Theresulttrivially follows from the abovedefinitionof thematrices~ (the

explicit formulaecanbefound in reference[1]).
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PROPOSmON.Thematrices ofequation(2.12) whichrelates x~(~’)~O ~(1)

(x) acrossthe segmentj of the real axis {segment 1: (0, 1), segment2: (l,oo),

segment3: (—oo,0)} areconnectedby

(5.11) = ~,(1) ~1) T~1~= T~’~(J
1j(I))—.l

Proof This aneasy consequence of the above discussion. •

PRoposmoN.Letus write:

(5.12) T~’~= (a $)
Equations(5.10)andconditions(2.13), thatis:

(5.13) tr T~’~= trT2~= trT~,~= 2

havetheuniquesolution:

e”~’/2

sin ~-~-

— I
— (M~)~12 (sin ~)2~

(5.14)
1

— (M~’~)122 (sin ~)2

wherewe haveintroduced:

(5.15) x~= 2 (cos!.i :1: sin ir(A1±A2)) (~ !î ~ ~ ir(A1 A2))

Proof Thecomputation is straightforward. Details aregivenin [1]. •

Wenow cometo our mainformulafor thethree-highest-weightcase:
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THEOREM. Whena tendsto a3 the three-highest-weightclassicalsolutionbehaves,up

totheJacobianofthemappingto thelocal tube,accordingto:

e~’
2 i (cotan~ cosh(A~(e— ~) + cos(A~(~1j

(5.16) ~/~A
1\ 2 sin-~-~

forz—~a1,i=1,2,3

wherewe havelet:

(5.17) a = e~’~”’; a = 1 — e~2’~2; a = e~~~”~”;0 � ~ ~

when a tendsto 0,, and oo respectively. Theseformulae coincidewith theone-
highest-weightsolution (3.9). The time delaysA~aregivenby:

=

(5.18) — ((I — A1)((—A1) II +

— ((1 + )¼1)((A1) E1~2,(3=± ~2 k1 2 )

Proof For a —~a1, oneuses(5.6) with j = i sincethefunctions and ~ have

a simplepowerlaw behaviourin theneighborhoodof a1. The computationof thetime
delaysin simpler at a = 0, Since theaboveformulaenaturally involved D• One
obtains:

(5.19) eA~A1= i,@/cotan

Formulae (5.14, 15) give explicitely:

= — ln ~2 — In F(—A1) + In F(A1)+

+

(5.20)

+ >1n cos ~ ± sin ~(A1 + cA2)

Thislast formulais nextshownto beequivalentto (5.17)for i = 1, by making useof

thebasicrelationbetween~ — andF — functions:

,iiry\ (2ir)~((1 —y)

(5.21) cos F(y) = 2 ((y)
Oneexpectsthat the othertwo pointswill leadto similar formulaesinceall threepunc-
turesareonthesamefooting. This is shownin [1]. Oneusesequation(5.6) with i = 2,

and 3. The quantitiesintroducedherewith upperindices(I) haveto be transformed
accordingto (5.5, 7, 9). Q.E.D.
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6. THE CLASSICAL INTEGRABILITY CONDITION

Up tonow, we haveexplicitly determinedthe Liouville field qS for thecaseof three

puncturesand,hence,theconstantcurvaturemetric exp( 4)~ on thecorrespondingRie-

mannsurface. exp(—~/2)is a complicatedbilinearform of thefunctions ~‘( z) and

X(a*) of the hypergeometrictype,seeeq. (2.10). However, in any of the threeas-
ymptotic regimes, a —~ a3, correspondingto thelargelocal-time limit, <<far from the
interactionregion>>, thesolution exp(—~/2)tendstowardstheone-groundstatesolu-

tion (3.6) or (3.9) (Riemannsurfacewith only two points)with a leveldeterminedvalue
for theparameters.,, givenby equation(5.17). Thisagreeswith theparticle-scattering

interpretationalreadyput forward. As mentionedabove,the ~ are to beregardedas
delaysof theEuclidianlocal-times ~. In classicalmechanics,thereis a generalrela-
tionshipbetweentimedelaysandthe classicalphaseshifts [13]. If our interpretationis

correct,a similarconnectionshouldbe truehere. In orderto motivatetheforthcoming
discussionwe consider,for a while, the exampleof a simplenon-relativistic particle,

following closely ref. [131.

PROPOSITION.In theclassicaltheoryofaparticlemovingin onespacedimensionunder

theinfluenceofa time-independantpotential, thetimeofflight necessarytogo froman
initialpoint q1 to a finalpoint q1 ofa trajectorywith energyB, isgivenby:

c3S(q q.;E)
(6.1) ~ ~ ; S(q~,.,q1B)= f p(q,E)dq

wherethederivativeis computedfor fixed q1 and q1.

Proof Thisis an elementaryexerciseof classicalmechanics.Onecomputes:

ÔS(q1,q1E)— [Qi aP(~E)~—

Jq, ÔE

(6.2) = f~ (aH(P~~))_ldq=

r~fdn /tf
= / —-= / dt Q.E.D.

J~, q Jt,

Assumethat thepotentialtendsto zero at infinity. For qj (resp.q1) goingto + 00

(resp.—co) theparticleis free,and abovetimeof flight hasthe samebehaviorasin the
freecase.Thismeansthat it divergesas:

(6.3) t1 —t1 (q1 — q1)~ q1 —oo,q1 +00
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where m isthemassof theparticle. Onedefinesthetimedelaysasthe limit of thedif-
ferencebetween(6.1) and(6.3). Thisgivesaconvergentanswerif thepotentialvanishes

fastenough:
(6.4)

A(E) = lim ~ (S(qj,q1B) — (q1 — q~)v’~~); q1 —~—00,q1 —‘+00

PRoPosmoN.The timedelayis twice the derivativeof theclassicalphaseshift with
respectto theenergy.

Proof Thisclassicalphaseshift isdefinedfrom the leadingWKB solutionto theSchrO-

dingerequation
(6.5) H(—i-~--,q)i~b(q;E)= Ei,b(q;E)

dq

which is givenby

/ ~
(6.6) i~(q,q; B) = exp (i / p(x, E)dx

\ Jqi

wherethewavefunctionis normalizedby thecondition:

i,b(q1,q1E)= 0

Thephaseshift is definedby letting q1 goingto —00 and q going ot +00. For the
samereasonas for the time delay,one introducesthe free-particlewave function that
givesthedominantlarge q behaviour:

(6.7) i,b0(q,q1 B) = exp(i(q — q1)V’2mE)

andthephaseshift is definedby thecondition:

(6.8) ~~(q1,q; E) ~0(q1,q1 E) e
2~~ q. ~ qf —~ ~oo

obtaining:

(6.9) 26(E) = lim J (p(x,E) — \/2mE) dx

Finally, comparingthis lastequationwith (6.4) oneseesthat:

(6.10) A(E)=2~~ Q.E.D. .
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The discussionjust carriedour also showsthebasicprinciple of scattering theory;
onerecoversthe freepropagationasymptotically.Thisprinciplehasbeenmuchstressed

already.
Goingbackto ourproblem,it is clearthat the i\ wehaveintroduceddo playtherole

of time delays. On the other hand, for the two-puncture case,(analogousto theparticle
in freemotion), I,~istheHamiltonian,sothattheweight e1 whichisits valuecomputed

from theclassicalsolution is to beidentified with the energyin the asymptoticregion.
We are thus led to the:

PRINCIPLE. Eachtime delay~ is thederivativeofthe classicalphaseshiftrespectto
theweightc1 in thechanneli:

(6.11) i\1=

Notethatwedonotputa factorof 2 asin (6.10). Thereasonisthatthedefinition(6.9)
ofpotentialtheoryis, form ourviewpointthesumoftwo timedelays,oneforpropagating

from —00 to the interactionregion, and theotherfor propagatingfrom this region to
+ cc. Thesewould bemoreclearly separatedif wehadtakena moregeneralpotential
withdifferentlimits atplus andminusinfinity. Oursituationis evenmoregeneralsince
wehaveonetimedelayforeachpuncture.Sinceshouldbederivativeof thesamephase

shift, and since

(6.12) ç = ~ — A~)

we arriveat:

PRoposmoN.Thetimedelaysshouldsatisfytheintegrabilityconditions:

6 13 a(A1~1)— a(A1~1)
(. ~ -

Wehavethatthisconditionis satisfiedin thecaseof threepunctures,asweshallshow
next, but havenot, sofar, derivedequation(6.11)in general.Since it is field theory,the

Liouville theory involvesan infinite numberof degreeof freedom. Forthis situation,
Gervaisand Sakita[14]havegiventhegeneralWKB wavefunctionalassociatedwith a
givenclassicalsolution. It will probabilityplaythesamerole as (6.6) in thederivation

of (6.11). Theproblemis, to someextent,similarto solitonscatteringin two dimensions
[15].
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PROPOSITION.The timedelays(5.18)satisfythe integrabilitycondition(6.13).

Proof Equations(5.18)showsthat thetimedelaysmaybewritten undertheform:

(6.14) = A(A1) + ç B(u); u = ~ CkAk
~I,E2~3 k=1

whereA and B arefunctionsof a singlevariable.Therefore:

______ ~ dG

(6.15) aA. = ~
~

is symmetricin i and j. Q.E.D.

Coming back to the physical picture, we finally note that the classicalphaseshift is
givenby thefollowing three-dimensionalline integral in )~‘-space

(6.16) ~ ~=(A1,A2,A3)

Due to the integrability conditionswejust verified, this line integraldoesnotdepend

onthepath chosento go gram A,~to A, but only on thestartingandendpoints. The
startingpoint 5~’~maybe arbitrarilychosen.Different choicesgive thesameshift up to

anirrelevant A-independentconstant.
In scatteringtheory, theclassicalanalogueof the S-matrix isjust theexponentialof

theclassicalphaseshift(seee.g. (6.8)). It is thusgivenby theexponentialof anintegral
of logarithms. In thequantumcase,the integralwill be replacedby a discretesumand
the S-matrix will turn out to be givenby a rathersimpleproduct. This is the issueto

which wenowturn.

7. THE EXACT QUANTUM S-MATRIX

It is a rathergenearlfeatureof completelyintegrablefield theoriesin 1 + I dimen-
sionsthattheexactquantumS-matrix isobtainedfrom itsquasi-classicalapproximation

by relativelyminormodifications.Oneof the first caseswherethis hasbeenobserved
wasthescatteringof two sine-Gordonsolitons.Themany similaritiesbetweenthesine-

Gordonand theLiouville theories[3, 6] havebeenreviewedin ref. [I]. The genearl
recipefor obtainingthequantumS-matrix from theclassicalone,which hasprovento
providethecorrectanswerfor thesine-Gordontheory[161andotherintegrablemodels

[17]is thefollowing:
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1) Replacethecouplingconstantby a renormalizedone.
2) Discretizethe integral appearingin theclassicalS-matrix so as to allow only

thosevaluesof the integrationvariableswhich correspondto the asymptoticquantum

spectrum.
FortheLiouville theory, therenormalizedLiouville couplingconstantis

(7.1) h,.= lvri
2ri= ~-~(l —sJl —8h)

There are two regimes. The so-calledweak coupling regimeis for 1~< 1/8 where
the renomarlizedcoupingconstant(7.1) is real. There,Gervaisand Neveu [6] found a
discretesetof integrablecaseswhich are suchthat

(7.2) ~-~-- = N; Ninteger>0.

or

— N . N+1
(7.3) 2(N+ 1)2’ ‘~ N

The presentdiscussion,which startsfrom the classicalLiouville dynamicsis directly

relevantto this weakcouplingregimeonly.
Next,theclassicalS-matrix wedeterminedin thelastsection(seeeq.(6.9)) isgiven

by theexponentialof theclassicalphaseshift

(7.4) exp (_6(~)) exp (~f~ln(~)d~i); ~ = e~i

In orderto go to the quantumcase,wediscretizethe integral followingthegeneralphi-
losophyoutlined above. The continuousparametersA are replacedby discreteones.

We shallonly considerthe integralcaseswhere(7.3) holds. Then, we know from the

exactquantumtreatmentof thefreetheory [6], that if wewrite thequantum versionof
eq. (4.6) as:

(7.5)

theallowedvaluesof A
1 are

(7.6) A1=?-~.i;Im~I<”~’

where m1 take integer(halfinteger)valuesif N is odd (even). Theinteger N is of

courserelatedto theLiouville couplingconstantIi througheq. (7.3).
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Fig. 2. The path on three-dimensional S~-1atticecorresponding to the expressiongiven in
eq. (5.19).

First,thecouplingconstantin front of theaction(7.4) is tobe replacedby therenor-
malizedonewhich is givenby (7.1,2). This is quite natural,sinceattheclassicallevel,

the factor 1/4 h camefrom formula(6.12)which is now modifiedaccordingto (7.5)
wherean additional 712 factorsappears.Wenow discretizeeq. (7.4) by restrictingthe

to lie on thecubiclatticedefinedby eq. (7.6). Remarkably,theproductof thefactor

1/4 h,. with thespacing 2/N of the A-lattice isequalto one,sothatoneendsupwith

producstof termsraisedtothepowerplusorminusone. (A similarphenomenonalready
occuredin thesine-Gordontheory.) Theansatzfor theexactquantumS-matrix is

vS /3 \vi

(7.7) S(ñi) fl ~fl(F?”(iT))) , ç —1,0,1
tr=yn 1=1

Thesetof allowedvalues(7.6) of ñi form athree-dimensionalcubiclattice. ~i denotes

a generalpoint and ‘~(ni’) is meantto bethe quantumversionof the corresponding
classicalquantity F~(A) givenby eq. (5.18). The productin eq. (7.7) needssome
explanation:In theclassicalexpression,the integrationpathstartedat ~ andendedat
thepoint in A-spacethat describedthethreeasymptoticone-ground-statesolutions. It

is now replacedby a pathon the A-lattice definedby eq. (7.6) (seefig. 2).
Foreachlink of thepathgoingin the direction i theproductdefiningthe S-matrix

containsafactor F’1 definedon the correspondinglink. It istakento thepower +1 or
—1 accordingto wether m1 increasesordecreasesalongthis link. Thisalreadysuggest
that the F~shouldbetterbe definedon the links ratherthanon thesitesof the lattice.
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_& .o

m+s1+e2

m

Fig. 3. The two paths aroundtheelementaryplaquetteleadingto thesameresult.

We conjecturethat for a link going from ril to ñl + ë~(e’, beingthe unit vectorin
the direction i) the quantumyersionF~is but the classicalexpressionof F, (see
equation(5.18)) takenat thevalueof A correspondingto themidpointof the link:

CONJECTURE.Thequantum S-matrixisgivenby theequation(7.7) with

7-. m+
1-e

(7.8) F~’~(ni)= F, (,,,X= 2 N

where F
1(5~’) is givenby equation(6.5).

If our prescriptionfor thecomputationof the quantum S-matrix is to makesense,

theresultagainmustbe independentof thepathchosento go from ñi~~to ni. Indeed,
we have the following theorem:

THEOREM. ThequantumS-matrix(7.7)only dependson theendpointsni~and~i, not
on thepathon thelattice chosentojoin them.

Proof It is equivalentto demonstratethat the two paths shown in fig. 3 aroundthe

elementaryplaquetteonthelatticeyield thesamecontribution,i.e. wehaveto showthat

~(2~~) i~(2~~)=

(7.9)
7 ~ / ~+e.+~e~

=F~2 N ‘)F,~2 ~ I
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For this, it is crucial that we took the argument of the F1 on themidpoints of the links.
Any other choicewould not lead to thenecessaryindependencefrom thepathandwould
be inconsistent. Using equation (6.14) it istrivial to cheekthat equation(7.9) holds. .

In theclassicallimit, N —~cc, thequantum S-matrix (7.7,8) gives backtheclas-
sicalexpressionby construction.

Giventhegeneralsuccesofthediscretizationprocedureon theonehand,andthefact
theconsistencycondition(7.9) issatisfiedontheotherhand,weareveryconfidentthat
the aboveconjectureis correct: eqs. (7.7, 8) give theexactquantumS-matrix for the
interactionof threeLiouville-heighest-weightstates.

Whatisthegeometricalmeaningof this quantumS-matrix? In the quantumgeom-

etry on theRiemannsurface,we are dealingwith at present,the S-matrix gives the
transitionprobababiltybetweenthethreeasymptoticquantum geometries,labelledby

A1, A2,A3, in the infinitesimalneighbourhoodsof thebranchpoints z1, z2,z3.

8. CONCLUSIONS AND OUTLOOK

Wehavegiventheclassicalsolutionof theLiouville equationwith therelevantboun-
daryconditionsfor a Riemannsurfacewith threebranchpoints(two cuts) generalizing

theearlierresultof Gervaisand Neveufor two branchpoints(onecut). Whilethe latter
correspondsto thepropagationof one-highest-weight-solutions,theformerdescribesthe
interactions(scattering)of threeof theseground-states.In bothcasesthisleadsto one—

andthree— parameterfamiliesof constantcurvaturemetricson theRiemannsurfaces.

Theclassicalscatteringtheory(forthreeasymptoticstates:threebranchpoints)was
discussedand thetimedelayswerederived. Thesewere shown to satisfy an intriguing
zero-curl condition,which physicallywasto beexpected,butwhosemathematicalsig-

nificanceremainsto beelucidated.Finally wediscussedthequantumscatteringandthe
quantumS-matrix wasconjectured.Theseresultsarerelevanttothequantumgeometry
of stringtheory [1].

We havenot discussedthe generalizationto morethan therebranch points. This
wouldbebasedonthemonodromypropertiesof thesolutionsofsecondorderdifferential

equationswith more thanthreesingularpoints,which is much moredifficult problem
mathematically.

Finally let usmentionthat theLiouville theoryis amemberof thefamily of so-called

Todatheories.Theseare n-componentgeneralizationsof theLiouville theory, associ-
atedwith a rank n simpleLie algebra.As is the casefor theLiouville theory,theToda
theoriesarecompletelyintegrableand conformallyinvariant. Theyfurthermoreexhibit

extended(higher-spin)Virasorosymmetries.Wehaverecentlyinvestigatedthem inde-
tails [18] andshownthat theyyield a systematicapproachto higher-spinconformalthe-

ories.In principle, thediscussionofthepresentarticlemaybe repeatedfor thescattering



304 A. BILAL, J. L GERVAIS

of threeToda ground-states.However,for the momentit would be moreimportantto
obtaina geometricalinterpretationof theTodafields,similar to theconstant-curvature
metricconditionwhichhasprovento bevery fruitful in thepresentLiouville case.
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